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Abstract. Let F be a C°° vector field defined near the origin 
O e R", F{0) = 0, and (Ft) be its local flow. Denote by £{F) the 
set of germs of orbit preserving diffeomorphisms h : R" M" at O, 
and let £id{FY ^ {r >Q), be the identity component of £{F) with 
respect to C" topology. Then £i^{F)°° contains a subset Sh{F) 
consisting of maps of the form Fq,(^')(x), where a : M" — » M runs 
over the space of all smooth germs at O. It was proved earlier by 
the author that if F is a linear vector field, then Sh{F) = £'id(F)°. 

In this paper we present a class of examples of vector fields with 
degenerate singularities at O for which Sh{F) formally coincides 
with fid(-F)^, i.e. on the level of oo- jets at O. 

We also establish parameter rigidity of linear vector fields and 
"reduced" Hamiltonian vector fields of real homogeneous polyno- 
mials in two variables. 
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1. Introduction 

Let F be a smooth (C°°) vector field on a smooth manifold M, (F^) 
be the local fiow generated by F, and S^? be the set of singular points 
of F . In this paper we consider smooth maps h : M ^ M preserving 
the (singular) foliation on M by orbits of F, i.e. h{Mr\'~f) C 7 for every 
orbit 7 of F. 

The groups of leaf preserving diffeomorphisms and homeomorphisms 
of foliations are intensively studied. Most of the results concern with 
regular foliations, see e.g. [B77, Rybl, Ryb2, AF03] and references 
in these papers. For singular foliations the situation is much more 
difficult. Therefore usually foliations by orbits of actions of finite- 
dimensional Lie groups are considered, e.g. [Sch75, Ma77, AFOl, Ryb3]. 
Homeomorphisms preserving foliations of vector fields are studied e.g. 
in [CN77, GM77]. 

The approach used in this paper is specific for the case of fiows. By 
definition for every x G M its image h{x) belongs to the orbit 7^. of x. 
Therefore we want to associate to x the time ah{x) between x and h{x) 
along 7^, so that 

(LI) /i(x) = F„^(^)(x). 
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We will call ah a shift function for h, which in turn will be called the 
shift along orbits of F via ah- 

Such ideas were used e.g. in [Hopf37, Ch66, T066, Ko72, Pa72, 
Koc73] and others for reparamctrizations of measure preserving flows 
and study their mixing properties. In these papers is required to be 
measurable, so it can even be discontinuous and its values on subsets of 
measure can be ignored. In [OS 78] continuity of shift functions was 
investigated. In contrast, we work in C°° category and require that ah 
is C°° whenever so is h. One of the main problems here is to define ah 
near a singular point of a vector field, see 2.1-2.5. 

Smooth shift functions were used in authors papers [Ml, M2, M3] for 
calculations of homotopy types of certain infinite-dimensional spaces. 
The present paper brings another application of shift functions to 
smooth reparametrization of fiows and in particular to parameter rigid- 
ity. 

In [Ml] the problem of finding representation (1.1) was solved for 
linear fiows. It was shown that if F is a linear vector field on R", 
then for every diffeomorphism h : M" preserving orbits of F and 

being isotopic to the identity map id^n via an orbit preserving isotopy 
there exists a C°° shift function ah- Moreover, if a family hs of orbit 
preserving diffeomorphisms smoothly depends on some /c-dimensional 
parameter s, then so does the family ah^ of their shift functions^ 

Our first result claims that the last two properties easily imply pa- 
rameter rigidity of a vector field, see Theorem 4.4. In particular, as 
a consequence of [Ml], we obtain parameter rigidity of linear vector 
fields and their regular extensions. Notice that this statement together 
with the result of S. Sternberg [St57] implies parameter rigidity of a 
large class of "hyperbolic" fiows, which agrees with discovered about 
thirty years ago rigidity of locally free hyperbolic actions of certain 
Lie groups [KS94] . Though we consider actions of the one-dimensional 
group ]R only, Theorem 4.4 is nevertheless stronger in the part that we 
admit fixed points, i.e. non-locally free actions. 



1 1 must warn the reader that my paper [Ml] contains mistakes in the estimations 
of continuity of the correspondence h ^ ah regarded as a map between certain 
functional spaces. In particular in [Ml, Defn. 15] it should be additionally required 
that the image ipv{M.) is at least C^-open in the image of the map ipv- Without 
this assumption [Ml, Th. 17] is not true. Moreover in [Ml, Lm. 31] the mapping 
Z^^ is Cj^^y'^-continuous in the real case and only C^'^- continuous in the complex 
case. As a result the formulations of [Ml, Th 1, Th.27 (part concerning (S)-points) 
& Lm. 28] should be changed. 

Unfortunately [Ml, Th. 1] was essentially used in [M2] for the calculations of the 
homotopy types of stabilizers and orbits of Morse functions on surfaces. We will 
repair the mistakes of [Ml] in another paper and show that the part of results [Ml] 
used in [M2] remains true. 

Also notice that the formula [Ml, Eq. (10)] for the shift functions at regular 
points is misprinted. It must be read as follows: a{x) = pio f{x) —p\o $(a;, a) + a. 
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Further we deal with the situation when F is a vector field defined on 
some neighbourhood V of the origin O G M" being its singular point. 
Denote by Sh{F) the group of germs at O of smooth shifts, i.e. maps of 
the form (1.1). In §5 we describe the structure of oo-jets of elements of 
Sh{F) and establish a necessary and sufficient condition for a certain 
group Q of germs of diffeomorphisms of (M", O) to coincide with Sh{F) 
on the level of cxD-jets at O, see Theorem 5.1. 

Let J'(F, V) be the space of all smooth maps /i : y — > whose 
oo-jet j°°{h) at O coincides with the oo-jet of some shift F^^, where 
ah G C°°(V,M). Though in general such a function ah is not unique, 
we show in §§6,7 that it can be chosen so that the correspondence 
h ^ ah becomes a continuous (and in a certain sense smooth) map 
A : JiF,V) D X ^ C°°{V,R) defined on some subset X of JiF,V) 
(Theorem 7.6). Actually §6 contains a variant of a well-known theorem 
of E. Borel about smooth functions with given Taylor series (Theo- 
rem 6.1). This theorem is then used in §7 for the construction of A. In 
§7.3 we also present application of A to the problem of resolving (1.1). 

Denote by 'Z?(F) the group of germs of orbit preserving diffeomor- 
phisms for F, and let I?id(F)^ be its path component with respect to 
weak topology. In §8 wc introduce a certain condition (*) on F 
guaranteeing that Sh(F) coincides with Vi^i{F)^ on the (formal) level of 
cxD-jets, see Theorem 8.5. The proof of this theorem is given in §§9,10. 

Finally, in §11 we present a class of vector fields on satisfying 
condition (*) and explain that for these vector fields Sh{F) = Vid{Fy. 
This improves results of [M4], which were based on a previous (unpub- 
lished) version of this paper (Theorem 11.1). 

In another paper the last theorem will be used to extend calculations 
of [M2] to a large class of functions with degenerate singularities on 
surfaces. 

1.1. Preliminciries. Let A and B be smooth manifolds. Then for ev- 
ery r = 0, 1, . . . , oo we can define the weak Cly topology on C°°{A, B), 
see e.g. [GG, Hi]. We will assume that the reader is familiar with these 
topologies. It easily follows from definition that topology C{y coincides 
with the compact open one. Moreover, let J'^{A, B) be the manifold of 
r-jets of C" maps A ^ B. Associating to every h e C°°{A, B) its r-jet 
extension being an element of J^{A^B)^ wc obtain a natural inclusion 
C°°(A, B) C C'{A, r{A, B)). Then C'{^ topology on C°°(A, B) can be 
defined as the topology induced by Cy^ topology of C^{A, J^{A, B)). 

We say that a subset X C C'^{A, B) is Cy^r-open if it is open with 
respect to the induced C^-topology of C°°{A, B). 

1.2. Definition. Let H : Ax I ^ B be a homotopy such that for every 
t & I the mapping Hf : A ^ B is C^. We will call H an r -homotopy 
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if the following map 

fH:AxI^ r{A,B), {a,t) ^ f{Ht){a), 

associating to every {a,t) & Ax I the r-th jet of Ht at a, is continuous. 
In local coordinates this means that Ht and all its partial derivatives 
"along A" are continuous in {a,t). In particular, every C^-homotopy 
is an T-homotopy as well. 

Equivalently, regarding a homotopy H as a path H : I ^ C°°(A, B) 
defined by H(t){a) — H(a,t), we see that H is an r-homotopy if and 
only if H is a continuous path into Cy^r-topology ofC°°{A,B). 

If H is an r-homotopy consisting of emheddings, it will he called an 
r-isotopy. 

Let C and D be some other smooth manifolds and y C C°°{C,D) 
be a subset. A map u : X y will be called C^^^- continuous if 
it is continuous from C|[^-topology of X to C^-topology of 3^, {r,s — 
0,1,..., oo). 

1.3. Definition. We will say that u : X ^ y preserves smoothness 

if for any map H : AxW ^ B such that Ht = H{-, t) e X for all 
i e the following mapping 

u{H) -.CxW ^D, u(H)(c, t) = u{Ht)(c) 

is C°° as well. 

2. Obstructions for shift functions 

In this section we briefly discuss obstructions for smooth resolvability 
of (1.1). 

2.1. Evidently, the value ah{z) is uniquely defined only if z is regular 
and non-periodic for F. If z is a periodic point of period 6, then ah{z) 
is defined only up to a constant summand nO, {n e Z), while if z is 
fixed, we can set ah{z) to arbitrary number. 

In applications to ergodic flows this problem usually does not appear: 
the union of periodic and fixed points is an invariant subset, therefore 
it can be assumed to have measure 0. Hence the values of ah on this set 
may be ignored. Sometimes it is also assumed that the set of periodic 
points is empty, e.g. [Ko72, p. 357]. 

2.2. If z is a regular (even periodic) point of F, then an can he 
smoothly defined on some neighhourhood of z^ see [Ml, §3.1] and foot- 
note on page 2 for correct reading of [Ml, Eq. (10)]. 

2.3. Representation (1.1) with smooth ah implies that h is homotopic 
to the identity id via a smooth orbit preserving homotopy. For instance 
we can take the following one: ht{x) — F(x, t ah{x)). 
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2.4. Conversely, if h is homotopic to id via some smooth orbit pre- 
serving homotopy, then (using this homotopy and 2.2) we can smoothly 
define ah on the set of regular points of F, see [Ml, Th. 25], though 
ah can even be discontinuous at singular points of F, In general, ah 
depends on a particular homotopy. 

2.5. If ah can be defined at some singular point z of F so that it be- 
comes smooth near z, then h must be an embedding at z, [Ml, Cor. 21]. 



3. Shift map 

Observations of the previous section lead to the following construc- 
tion of shift map used in [Ml]. 

Let M be a smooth manifold and F be a vector field on M tangent 
to DM. Then for every a; G M its orbit with respect to F is a unique 
mapping : IR D {a^, b^) M such that -f^{0) = x and % = -^(Tx), 
where {a^, b^) C IR is the maximal interval on which a map with the 
previous two properties can be defined. Then 

dom(F) = u X X {a^,b^), 

is an open neighbourhood of M x in M x M, and by definition the 
local flow of F is the following map 

F : M X M D dom(F) — > M, F{x,t) = 7^.(t). 

If M is compact, or more generally if F has compact support, then 
dom(F) = M X M and thus F is global, i.e. is defined on all of M x M, 
see e.g. [PM]. 

For every open V C M denote by func(F, V) the subset of C°°(V, R) 
consisting of functions a whose graph = {(,x, a(x)) : x G V} is 
contained in dom(F). Then we can define the following map 

ipv-C'^{V,R) D func(F,\/) — > C°°(V,M), 

(^3.1^ 

(fiv{a){x) = F{x,a{x)), 

which will be called the shift map of F on V. Its image in C°°{V, M) will 
be denoted by Sh{F, V). If F is global, then func(F, V) = C°°(V,R). 

It is easy to see that ipv is C^^^-continuous for all r = 0, 1, . . . , cxd, 
[Ml, Lemma 2]. Moreover, if the set J^p oi singular points of F is 
nowhere dense in V, then (pv is locally injective with respect to any 
Cly topology of func(F, V), [Ml, Prop. 14]. 

Denote by S{F, V) C C°°(V, M) the subset consisting of all smooth 
maps h : V ^ M such that 

• h{u! nV) G LU for every orbit cu of F, in particular h is fixed on 
T,F n V, and 

• /i is a local diffeomorphism at every z G T^f H V. 
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Let £id{F,Vy', (0 < r < oo), be the path component of the iden- 
tity embedding iy : V <Z M in £{F,V) with respect to C^-topology, 
i.e. £^id(F, Vy consists of all smooth maps h : V ^ M which are 
r-homotopic to iy in S(F, V). 

Then wc have the following inclusions: 

(3.2) Sh{F, V) C £id(F, Vrc---C £id(F, V)' C E,^{F, V)". 

The first one follows from 2.3 and 2.5, and all others arc evident. 

For 1/ = M we denote (fi = (fiu, func(F) = func(F, M), Sh{F) = 
Sh{F, M), and Sii{FY = Sid{F, Mf . 

3.1. Local shift map. For z E M lei Tz{M) be the algebra of germs 
at z of smooth functions M — >■ M, 8{M, z; M) be the space of germs at 
z of all smooth maps f : M ^ M, S{M, z) C S{M, z; M) be the subset 
consisting of germs / such that f{z) — z, and V{M, z) C S{M, z) be 
the subset consisting of germs of all diffeomorphisms. 

We want to define the following local shift map analogous to (3.1): 

: T^{M) S{M, z; M), (pia){x) = F{x, a{x)). 

If F is not global, then as well as in the definition of shift map (p, 
see (3.1), is defined only on a certain subset of J-'z{M). Nevertheless, 
the following lemma shows that if 2; is a singular point of F, then ip is 
well-defined and its image is contained in V{M, z). 

3.2. Lemma. Suppose that F{z) = 0. For h G S{M,z) and a,(3 e 
J-'z{M) define the following two maps Fq,, Fh,f3 by 

F„(x) = F(a:, a{x)), F^,^(a;) = F{h{x), P{x)). 

Then the following statements hold true. 

(a) The germs at z of F^ and Fh^g are well-defined. 

(b) Fq,, F^ e Sh(F) are germs of a dijfeomorphisms at z and 

(3.3) F;;^ = F_^„p-i , FaoF/s = Fqof^+/3 . 

(c) If h is a germ of a diffeomorphism, then so is F^^p and 

(3.4) F;,,^ = F^o;^-l o h. 

(d) The following conditions are equivalent: 

(3.5) h = Fa ^ F;,,_„ = id. 

Proof, (a) Since F{z) = 0, it follows from the standard result on de- 
pendence of solutions of ODE on initial values that for arbitrary large 
A>0 there exists a neighbourhood Wa of z such that Wa x [—A, A] C 
dom(F). Hence ii A > \a{z) \ then Fq is defined on some neighbourhood 
of z contained in Wa- The proof for Fh^p is similar. 

(b) is proved in [Ml, Eqs.(8),(9) and Corollary 21], see also 2.5. 

(c) Eq. (3.4) just means that Fh,p{x) = F{h{x),(3 o o h{x)). 

(d) Finally, the verification of (3.5) is direct. □ 
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Let F{z) = 0. Then we have a well-defined local shift map at z 
^ : JP;(M) ^ V(M, z), ^(a) = F„. 

Denote its image 0{T^{M)) in T){M, z) by Sh{F, z). 

Let also ViY, z) be the subset of V{M, z) consisting of orbit preserv- 
ing germs, i.e. h G V{M, z) provided there exists a neighbourhood V 
of z such that h{j fl C 7 for every orbit 7 of F. 

For every r = 0, 1, . . . , 00 let 'Did(F, zY be the "identity component" 
of ^'(F, z) with respect to C|^-topology, i.e. Ad(F, zY consists of all 
h e ^'(F, z) for which there exists a neighbourhood V C M ot z and an 
r-isotopy H : V x I ^ M such that Hq ^ iy : V C M, Ht E P(F, z) 
for all t E I, and ifi = h. 

Then similarly to (3.2) we have the following inclusions: 

Sh(F, z) C Ad(F, C • • • C Ad(F, z)^ C Ad(F, zY. 

4. Parameter rigidity 

In recent years there were obtained many results concerning rigidity 
of hyperbolic and locally free actions of certain Lie groups and their 
lattices, see e.g. [KS94, Hur94, Ka96, KS97, MM03, D07, EF07] and 
references there. Roughly speaking a rigidity of an action T means 
that every action T' which is sufficiently close in a proper sense to T is 
conjugate to T. 

For instance, in a recent paper [Sa07] by N. dos Santos parameter 
rigidity of locally free actions of contractible Lie groups on closed ma- 
nifolds are considered. In the case of vector fields, i.e. actions of R, 
local freeness means regularity of orbits. In contrast we will consider 
certain classes of vector fields with singular points, i.e. not locally free 
M-actions, and prove their parameter rigidity, sec 4.4 and 4.6. 

4.1. Definition, (c.f. [Sa07]) We say that a vector field F on a manifold 
M is parameter rigid if for any vector field G on M such that every 
orbit of G is contained in some orbit of F there exists a C°° -function 
a such that G — aF. 

Let Sj? and Sg be the sets of singular points of F and G respectively. 
The assumption that orbits of G are contained in orbits of F implies 
that Ei? C Sfj and that F and G arc parallel on M \ S^. Therefore 
there exists a C°° function yu:M\Sj?^]R \ {0} such that G = jiF 
on M \ Ei?. Then Definition 4.1 requires that ^ smoothly extends to 
all of M for any such G. 

4.2. Lemma (Extensions of shift functions under homotopies). Let 
V d M be an open subset, e func(F, V), and H : V x I ^ M be 
a G°°-homotopy such that Hq — </?(q;o) and Hf e Sh(F,V) for every 
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t E I . Then there exists a unique C°° function A: {V x/^M 
such that 

(4.1) A{x,0) ^ ao{x), H{x,t) ^F{x,A{x,t)), 

for all {x,t) G {V \ T,f) x I . Thus A is a shift function for H on 
{V \ Tif) X I which extends a^. 

Proof. This statement was actually established during the proof of [Ml , 
Th. 25] for the case ciq = 0. But the same arguments show that the 
proof holds for any G func(F, y). We leave the details for the 
reader. □ 

4.3. Definition. Let V G M be an open subset such that Hp is nowhere 
dense in V . We will say that the shift map ipv of F satisfies smooth 
path-lifting condition if for every C°° -homotopy H : V x I ^ M 
and ao G func(F, V) such that Hq = (p{ao) and Ht G Sh{F, V), (t G /) 
the shift function A : {V \ E_f) x I ^ M. of H satisfying (4.1) smoothly 
extends to all ofVxI. 

See also [SchSO], where the problem of lifting smooth homotopies of 
orbit spaces of Lie groups is considered. 

4.4. Theorem. Let F be a vector field on a manifold M. Suppose that 
for every singular point z E "Ep there exists an open neighbourhood V 
such that Sh{F, V) = Sid{F, V)°° and the corresponding shift map ipv 
satisfies smooth path-lifting condition. Then F is parameter rigid. 

Proof. Let G be a vector field on M such that every orbit of G is 
contained in some orbit of F. Then there exists a smooth function 
/i : M \ Si? — > M such that G — jiF. We have to show that ji smoothly 
extends to all of M . 

We can assume that G generates a global flow G : M x M — >• M. 
Otherwise, there exists a smooth function /3 : M — > (0, oo) such that 
the vector field G' = f3G generates a global flow, sec e.g. [Hr83, Corol- 
lary 2]. Then G and G' have the same orbit foliation. Moreover, if 
G' = 'jF for some smooth function 7 : M — >■ R, then G = ^ F, where 
^ is smooth on all of M as well. 

Let z & T^F and y be a neighbourhood of z such that (pv satisfies 
smooth path-lifting condition. Then for each t G M we have a well- 
defined embedding Gt\v : V ^ M belonging to S{F,V). Moreover, 
since Gq = idjvf = 9^(0) and G is C°^, it follows that 

Gt\veE,A{F,vr^Sh{F,V). 

Then by smooth path-lifting condition for (fv there exists a smooth 
function jj, :V xR such that 



(4.2) 



G{x,t) = F{x,fl{x,t)) 
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and fi{x, 0) = for all x E V. Let us differentiate both parts of (4.2) 
in t and set t = 0. Then we will get 

G{x) = —{x, 0) = —{x, fiix, 0)) • fl',{x, 0) = F{x) ■ fi',{x, 0). 

Hence fj, = ^[{x, 0). Since E^? is nowhere dense in V, we obtain that // 
smoothly extends to all of V. Applying these arguments to all 2; e 
we will get that n is smooth on all of M. □ 

As an application of this theorem and results of [Ml] we will now 
obtain parameter rigidity of linear vector fields and their regular ex- 
tensions. 

4.5. Definition. Let M, N he two manifolds, G : M ^ TM be a vector 
field of M and 

F : M xN ^ T{M x N) = TM x TN 

be a vector field of M x N regarded as sections of the corresponding 
tangent bundles. Say that F is a regular extension of G provided 
that 

F{x, y) = (G'(x), H{x, y)), (x, y)eMxN, 
for some smooth map H : M x N ^ TN such that H{x,y) G TyN . 
In other words the "first" coordinate function of F "coincides with G" 
and does not depend on y E N. 

For instance if Gi is a vector field on a manifold Mj, [i = 1,2), 
then their product F{x,y) = (Gi(x), ^2(1/)) on Mi x M2 is a regular 
extension of cither of Gj. Every linear vector field F{x) = Ax on 
is a product of linear vector fields generated by Jordan cells of real 
Jordan form of A. Moreover, every Jordan cell vector field is a regular 
extension of a hnear vector fields defined by the one of the following 
matrices: ( A) , (10), {b~a)^ where either A 7^ or 6 7^ 0, see also [V66] . 

4.6. Corollary. Let F be a vector field on a manifold M and V C M 
be an open subset. Suppose that the restriction of F to V is a 
regular extension of some non-zero linear vector field. This 
means that there exist a non-zero (m x m) -matrix A, a smooth manifold 
N, and a diffeomorphism 77 : F — > R"* x such that the induced vector 
field rj*F on 'M} x N is a regular extension of the linear vector field 
G{y) = Ay on M™. Then Sh(F, V) = £id{F, y)° and the shift map (pv 
satisfies smooth path-lifting condition. 

Hence if every z E T,f has a neighbourhood V with the above property, 
then F is parameter rigid. 

Proof. The proof follows from [Ml, Theorem 25 & Theorem 27, state- 
ment about (E)-point]. □ 

In [Si52, St57, V66] and others there were obtained sufficient con- 
ditions for a vector field F defined in a neighbourhood of O e to 
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be linear in some local coordinates at O. These results together with 
Corollary 4.6 imply parameter rigidity for a large class of "hyperbolic" 
flows which is in the spirit of mentioned above results of [KS94, Hur94, 
Ka96, KS97, MM03, D07, EF07, Sa07] concerning rigidity of hyper- 
bolic locally free actions of Lie groups. A new feature of Corollary 4.6 
is that F has singularity, and therefore the corresponding R-action (i.e. 
the flow of F) is not locally free. 

The following lemma gives sufficient condition for a vector fleld to 
satisfy smooth path-lifting condition. 

4.7. Lemma. Suppose that Tip is nowhere dense in V and for every 

h e Sh{F, V) there exists a -neighbourhood M in Sh{F, V) and a 
preserving smoothness map (not necessarily continuous in any sense) 

a:Sh{F,V) D N — ^ func(F, V^) C C°°{V,m), 

such that t{x) = F{x,a{T){x)) for all r G N". In other words, a is 
a section of ipy , i.e. '{ly o a = id(A/'). Then (pv satisfies smooth 
path-lifting condition. 

Proof. Before proving this lemma let us make two remarks. 

Rl. Let h e Sh{F, V) and cxi, ct2 : M func(F, V) be two preserving 
smoothness sections of </7y defined on some C^-neighbourhood M of 
h, and H : V x I ^ M he a, C°° map such that Hq = h and Ht e J\f 
for all t & I. Since dj preserves smoothness we have that the following 
function Aj : x / — >■ M given by 

Aiix,t) = ai{Ht){x) 

is as well as H. If ai{h) = a2{h), i.e. Ai(-,0) = A2(-,0), then 
Ai = A2 on all ofVxI. 

Indeed, since Ai(-,0) = A2(-,0), it follows from Lemma 4.2 that 
Ai{x,t) = A2{x,t) for aU {x,t) e {V \ Ef) x /. But is nowhere 
dense in V and each Aj is continuous. Therefore Ai = A2 on all of 
V xl. 

R2. Let a : N func(F, V) he a preserving smoothness section of 
ifv defined on some neighbourhood N ofh and a e (py^{h) be any shift 
function for h. Notice that a{h) e (py^{h) as well. Then there exists 
(possibly) another preserving smoothness section a' : J\f ^ func(F, V) 
such that cr'(/i) = a. 

Suppose that a{h) 7^ a. Then (py is not injective map. Since Tip 
is nowhere dense, it follows from [Ml, Lm. 5 & Th. 12(2)] that there 
exists a smooth function u : V ^ (0, +cxd) such that F{x,i'[x)) = x 
for all X G V, and a = (j{h) + nv for some n G Z. Define the following 
map cr' : A/" — > func(F, V) by cr'(r) = air) -\- nv for r G N . Then a' is 
also a preserving smoothness section of ipy and (T'{h) — a{h) -\-nv — a. 

Now we are ready to complete Lemma 4.7. Let G func(F, V) and 
//:T/x7^MbeaC~ map such that Hq = (^(ckq) and Ht G Sh{F, V) 
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for all t E I, i.e. Ht = ipv{<^t) for some (not necessarily unique) 
at e func(F,1/). 

We will show that under assumptions of lemma it is possible to 

choose at so that the correspondence {x,t) at{x) becomes a 
shift function A' : V x I ^ M for H such that A'(a;, 0) = ao{x). Let 
also A : (\/ \ Si?) x / ^ R be a unique C°° shift function for H such 
that A(a;, 0) = ao{x) = A'(a;, 0), see Lemma 4.2. Then it will follow 
from uniqueness of such shift function that A = A' on (F \ Ei;') x 7. 
Since E^? is nowhere dense in V, we will get A = A' on all of V x I. 
This will imply smooth path-lifting condition for Lpy 

Notice that H can be regarded as a continuous path into topology 
of Sh{F, V). Since the image of this path is compact, there exist finitely 
many points = to < < " ' " < = 1 and for each k = 0,1, . . . ,n — 1 
a C°° neighbourhood A4 of Ht,^ in Sh{F, V) such that 

• HteAfk for all t e [tk,tk+i], 

• and for every a G func(F, V) such that (pv{o:) = Ht^ there exists 
a preserving smoothness section ctq : Mk func(F, V) of ipv 
such that aa{Ht^) — a, (this follows from R2). 

Since Hq — (fv{ao), the map is well defined and we put 

A{x,t) = a^,{Ht){x), {x,t) eVx [0,ti]. 

Then A is smooth on x [0, ti]. 

Denote at^ = aao{Ht-^). Then Ht^ = ipv{at^) and (Jq,j is well defined. 
Therefore we also put 

A{x, t) = CT„, (Ht) (x) , {x,t)eV X [ti , ts] . 

Then A is smooth on V x [ti, t2]- Moreover o"q(, and (Jq,^ are two sections 
oiipv such that crQo(i7tJ = aaj^{Ht-^) = at^. Therefore by Rl aao{Ht) = 
(7a^{Ht) — A{-,t) for all t sufficiently close to ti. Since (7^0 and (7^^ 
preserve smoothness, it follows that A is smooth on all of [0,t2]- 
Using induction on n we can smoothly extend A on all oiV x I. □ 



5. CX)-JETS OF SHIFTS 



Let F be a smooth vector field near the origin O G M"^ such that 
F{0) = and (Ft) be the local fiow of F. Define the following map 

r:V{W^)^{R[[x,,...,Xn]]r 
associating to every h G r>(R") its oo-jet at O. Let also 



(5.1) 



oo\ — 1 



r 



Sh{F) 



Thus i7(F) is the subgroup of T){W^) consisting of germs h for which 
there exists a smooth function G ^(R") such that j°°{h) — j°°(FQ^). 
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Evidently, Sh{F) C i/(F). Our first result gives necessary and suf- 
ficient conditions for a subgroup Q C ^(M") containing Sh{F) to be 
included into J^{F). 



5.1. Theorem. Suppose that F is not flat at O, i.e. there exists p > 1 
such that f-^{F) = and P = f{F) : W ^ W is a non-zero 
homogeneous map of degree p. For p — 1 we will write P{x) = L ■ x, 
where L is a certain non-zero {n x n) -matrix. 

Let Q be a subgroup of'D{W^) having the following properties: 



(A3) Moreover, if j'^~^{h) = j'^~"^(id) for some k > p, then there 
exists a unique homogeneous polynomial uji of degree I — k — p 
such that 



f{h){x)^j\F^,){x)^x + P{x)-u;i{x). 

Then j°°{Sh{F)) = In other words, Sh(F) cG C J{F). 



The rest of this section is devoted to the proof of Theorem 5.1 which 
will be completed in §5.9. Our aim is to establish Lemma 5.7 and 
statement (2) of Corollary 5.8 below. They will be used in the proof of 
Theorem 5.1. 

5.2. Spaces of jets. Let ^(R", O; M™") be the space of germs at the 
origin O G M" of smooth maps /i : M" ^ M™ and £(R", O; M™, O) be 
its subset consisting of all germs such that h{0) — O. For n — m, we 
win write S{W) instead of £(M", O; M", O). Let also V{W) C £(W) 
be the subset consisting of germs of diffeomorphisms at O. The space 
£^(]R", O; M}) of germs of smooth functions will be denoted by JF(M"'). 

For h e S{W, O- W) denote by i^{h) its /c-jet at O G It wiU be 
convenient to formally assume that (— l)-jet of h is identically zero: 

(5.2) j''-'\h)^Q. 

We will say that h G S{W\0]W") is k-small, {k > 0), at O provided 
j^~^{h) = 0. In particular, by assumption (5.2) every h G £^(M", O; M™) 
is 0-small and h is 1-smaU iff /i G £{W, O; R"", O), i.e. f{h) = h{0) = 
O. If j°°{h) = then h is called flat. 

Let a,P e .F(R") be such that a is a-small, and P is 6-small for some 
a, 6 > 0. Then their product aP is (a + &)-small. In other words 

(5.3) f-\a) = f-\P) = f+'-'iaP) = 0. 



(Ai) sh{F) c g. 

(A2) For every h & Q there exists a;o G M such that 
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We also say that h G S{W\ O; M."\ O) is homogeneous of degree k if 
its coordinate functions are homogeneous polynomials of degree k. Let 
J''{W), (0 < A; < oo), be the space of all polynomial maps h:W^W 
of degree < k such that h{0) — O. Similarly, put 

J^{W) = {Te{R[[x,,...,Xn]]y : r(O) = 0}. 

Define the following linear map j ^ : £{W) J^iW) associating to 
every h e 8{W^) its /c-jet j^{h) at O. Then it is easy to verify that: 

(5.4) /(/o^) o/(^)), f,ge E{W), 

see e.g. [St57, §4]. The following lemma is a direct corollary of (5.4). 

5.3. Lemma. Let f,g E 'D(M"). Then for every k — 0, . . . , oo the 

following conditions are equivalent: 

f{f)-f{9) ^ j\r'og)^f{id) ^ Af-')^j\g-'). 

Moreover ifa,Pe then 

f{a)=f{(3) ^ /(«o/)=/(/3o/). □ 

5.4. Jets of a flow. First we introduce the following notation. For a 
smooth mapping G = {G^, .... G") : — >• M" denote 



VG = 





9Gi 




dxi 


dX2 


dx„ 


dGi 


dGl 




dxi 


8X2 


dXn 


ac" 


ac" 


dG" 


dxi 


dX2 


dXn 



Thus VG is an (n X n) -matrix whose rows are the gradients of the 
corresponding coordinate functions of G. 

Now let F — (F^, . . . , F") be a smooth vector field defined on some 
neighbourhood y of O e M" and 

F : y X R D dom(F) — > R" 

be the local flow of F, so 
dF 

(5.5) —{x,t) = F{F{x,t)) and F{x,0) = x. 
Hence the Taylor expansion of F in i at x = O is given by 

(5.6) F{X, t) =X + Vi{x)t + V2{x) - + ...+ Vn{x) -r + • ■ • , 

^ 77/. 

where Vi{x) — ^{x,t)\t=o- It follows from (5.5) that vi — F. 
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5.5. Lemma. For every i > 1 we have that 



= V^;, • F 





M 


dvl 






dXn 




M 




9x1 


dX2 


dXn 


dvf 


dvl 




dxi 


8x2 


dx„ 





F' 




{Vvl, F) 








i^vlF) 








(Vt;r,F) 



where vl is the j-th coordinate function of Vi. Moreover, ^{x,t) 
u,{F{x,t)). Iff-\F) = 0, then 



(5.7) 



•i(p-i) , 



0, 



Vi > 1. 



Proof. We will now calculate V2. Let be the j-th coordinate function 
ofF. Then 



= E^(F(x,t))-F^(F(x,t)) = 

fc=i 



Therefore 



S^F 



t) = (VF • F) o F{x, t)^V2 F{x, t). 



Calculations for other Vi are similar and are left to the reader. 
Proof of (5.7). We have j^-^~^\vi) = f-^{F) = 0. Suppose by 
induction that j'^'^^~^\vi) = for some i. 

Then f^P-^'^-^Vvi) = 0. Since f-\F) = 0, it follows from (5.3) 
that f^-^^+P-\Vvi ■ F) = j^'+^^^-^\vi+i) = 0. □ 

5.6. Initial non-zero jets of smooth shifts for non-fiat vector 

fields. Suppose now that there exists p > 1 such that jP~^{F) = and 

P = /(F) : M" ^ M" 
is a non-zero homogeneous map of degree p. For p = 1 we will write 

P{x) ^L-x, 
where L is a certain non-zero n x n-matrix. 

5.7. Lemma. Let a : R" — > R &e an I -small germ at O for some 
I > 0, so j\a) = uj is a homogeneous polynomial of degree I. Put 
F^{x) = F{x,a{x)). Then 



(5.^ 



/+^(Fa)(a;) 



e^"" -x 



p — 1 and I — 0, 
X -\- P{x) ■ oj{x), otherwise. 
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Thus the {p + l)-jet of Fa depends only on the l-jet of a. Moreover, 

(5.9) /+'(F-^)=/+^(F_.). 

Proof. (5.8). Substituting a into (5.6) instead of t we get 

Cx( Xi 

Fa{x) = F{x, a{x)) = x + F{x) a{x) + ■ ■ ■ + Vi{x) + ■■■ 

Though this series converges near z, the infinitesimal orders of its sum- 
mands at O do not necessarily increase when n — > oo. Therefore in 
order to find the initial non-zero jet of we should investigate each 
of Via\ In fact we will get only one exceptional case p — 1 and I — 0. 

First we calculate j^{Fa)- Suppose that j^{F) = L ■ x ior some 
possibly zero matrix L. Then j^CVF) = VF{0) = L, 

j\v2)^j\VF-F) = 3^{yF)-j\F)+3\VF)-f{F) = 

= L-L-X + j^(VF) -0 = 

and by induction on i we obtain 

j\v,)^j\Vvi.r-F)^V-x. 

Therefore 

= U ■x-a{0) + Q- j^{a^)^a{0)-U -x, 

whence 

j\Fa){x) = x + Y^ ■U-x = e^-"(^) • X. 

Thus if p = 1 and / = 0, i.e L 7^ and f{a) = a{0) = a; 0, we 
obtain that /+'(F„)(a;) = /(F„)(a;) = e^^ ■ x. 

Otherwise p + l >2. We claim in this case j^^\vi • a*) = for i > 2. 
This will imply that 

/+'(F„)(a;) = f+\x + F{x)a{x)) =x + P{x) ■ (j{x). 

To calculate j'^^\vi ■ a*) notice that by (5.7) J**-^~^-'(fj) = and by 
assumption j^'^{a) = as well. Then it follows from (5.3) that 
f-^{a') = and 

ji(p-i)+ii^^^ • a') = f P+^-^\vi ■ a') = 0. 

It remains to note that p + l < i{p + l — 1) ifi > 2 and p + l > 2. Hence 
f^\via') = for i > 2. 

Proof of (5.9). RecaU that by (3.3) F-^ = F_^„p-i. We will show 
that f{a o F"^) = f{a). Then it will follow from (5.8) that 

r\F-')=r\F_^^^-.)M^r\F.^). 

Suppose that I — 0. Since Ft{0) — O for all i e R, we obtain that 
jVoF-i)=j»=a(0). 
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If / > 1, then it follows from (5.8) that j^(Fq,)(x) — x, whence 

f{aoF-')=j\a). □ 

5.8. Corollary. Let a, /3 e :F{W), heV{W'), l,k = 0,1, ... ,oo. 

(1) The following conditions (A)-(C) are equivalent: 
{A) f{a)=j\P), 

(C) f+^{Fu,a)^f^KFK3). 

(2) The following conditions (D) and (E) are equivalent: 

(D) j\h)=j\F^), 

(E) /(F,,_,)=/(id). 

Proof (1) (A)^(B). Notice that 

(5.10) o F^^ S o F_^,p-i S F,,p-i_^,p-i = F(_^)„^-i. 

Then the following statements are equivalent: 

(A) fia) = m, (c) i^+'(F(_^),p-0 = /+'(id), 

(a) f{a - /3) = 0, (d) j^+'(F„ o F^^) = /+'(id), 

(b) fiia - (3) o F-^') = 0, (B) /+'(F„) = /+'(F^). 

The equivalence of (A), (a), and (b) is trivial, (b)<J^(c) holds by (5.8), 
(c)-<^(d) by (5.10), and (d)<^^(B) by Lemma 5.3. 

(A)^(C) RecaU that by (3.4) Fh,a = ^aoh-^°h. Then the following 
conditions are equivalent: 

(C) j^+'(F,,«) = j^+'(F,,^), (f) j\a o h-') = j\P o /,-!), 

(e) j^+'(F,o.-i) = i^+'(F^o.-i), (A) f{a) = 

The equivalence (C)-^(e) holds by (3.4), {e)^{i) by the equivalence 
(B)<^(A) which is already proved, and (f)<(=^(A) by Lemma 5.3. 
(2) (D)^(E). Suppose that /(/?.) = j''{F^). Then 

(5.11) /(F-^o/i)=/(id), 

(5.12) f{a)^f{aoF-'oh). 
Notice also that 

(5.13) F-'ohM;^ F_„„p-. o h = F,,_,„p-i,, . 
Hence 

/(F.,-.) S /(F,,_,,..J m /(F- o /,) m ,-(id). 
(E)=^(D). It is easy to verify that 

(5.14) F 1 oF,,_, = /i. 

n, — a 

This identity simply means that F{F{h{x), -a{x)), a{x)) = h{x). Sup- 
pose that j''(Fh,-a) = / (id). Then 

(5.15) /(a oFft,_,) =/(«), 



oo-JETS OF ORBIT PRESERVING DIFFEOMORPHISMS 17 

whence 

m ism /(F„,-. ) mMm /(fj. 

h, — cx 

Corollary 5.8 is proved. □ 

5.9. Proof of Theorem 5.1. Let F be a vector field defined on some 
neighbourhood of the origin in M" and Q be a subgroup of D(]R") 
satisfying (Al)-(A3). We have to show that j°°(S^/i(F)) = Due 
to (Al) it remains to verify that j'^{Sh{F)) D j°°{g). 

Let h E Q. We will find a germ of a smooth function a G JF(M") such 
that j°°(Fh-a) = i°°(id). Then it will follow from (2) of Corollary 5.8 
that j~(fJ) = i.e. rih) e nShCF)). 

Since ^ is a group, it follows from (Al) and (3.4) that 

(5.16) Fh,a = F„oft-i oh e g, Va e J^(R"). 

Put ho — h. Then by (A2) there exists a;o G M such that j^{ho) — 
/(F^J. Denote 

hi{x) = Fh,-u^^Xx) = F{h{x), -ujo) = F_^„ o h{x). 

Then hi E Q and by (2) of Corollary 5.8 j^{hi) = jP(id]Rn). 

Therefore by (A3) there exists a homogeneous polynomial uoi of de- 
gree 1 such that f+^{hi) = jf+^(F^J, where F^^{x) = F{x,uji{x)). 
Denote 

h2{x) ^Fh^_^,{x) = F{hi{x),-uji{x)) ^ 

= F(F(/io(a:),-u;o),-^i(a:^)) = 

= F{h{x), -(Jo - u;i{x)) = Fh-u,o~u:i{x). 

Then by (5.16) hi E Q and by (2) of Corollary 5.8 f+^hi) = f^Hid). 
Therefore we can again apply (A3) to /i2 and so on. Using induc- 
tion we will construct a sequence of homogeneous polynomials {uJi}'^^, 
{dcg uji = /), and a sequence {hi} in Q such that for every / > 0, we 
have that 

(5.17) f^^-\hi) = /+'-^(id), f^\hi) = /+^(F^J, 

I 

(5.18) hi+iix) = F,„_,,(a;) = F{h{x), -J2^,{x)) . 

i=0 

oo 

Put r = Yl^ii^)- Then by a well-known theorem of E. Borel, see 

1=0 

also §6, there exists a smooth function a : M** ^ M whose oo-jet at O 
coincides with r. 

We claim that j°°(F/i^_Q,) = j°°(id). Evidently, it suffices to show 
that j^+'(F^ _q) = j*'+'(id) for arbitrary large I. 
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I 

For I > put ai — '^cui and «>/ — a — ai. Then 

Fh-a{x) = F{h{x),-ai{x) - ayi{x)) = 

= F{F{h{x),-ai{x)),-a:^i{x)) ^ 
= F{hi+i{x), -a>i{x)) = Fft^^^ 

Notice that by (5.17) j'^^\hi^i) = jP"'"'(id). Moreover, since j\a^i) = 
0, it follows from Lemma 5.7 that j^^^{Fa^i) = j^+'(id) for / > 1. 
Thus jP+^ihi+i) = jP+'(F«^J = jP+'(id). Then by (2) of Corollary 5.8 
J^+'(F,,_«) = J^+'(F,,^,,_„^J = j^'+'(id). □ 

6. Borel's theorem 

In this section we present a variant of a well-known theorem of 
E. Borel. It will be used in the next section for the construction of 
j°°-sections of a shift map. 

Let V be an open subset of and 

/=(/i,...,/„):V^^M™ 
be a smooth mapping. For every compact K G V and r > define 

m 

the r-norm of f on K by WfWx = S S sup (2^)1, where i = 

j=l \i\<rxeK 

(ii, . . . ,in), \i\ — ■ ■+in, and = — ir~~^- For a fixed r the norms 

11/11^, where K runs over all compact subsets of V, define the weak 
Whitney C^y topology on C°°(V,M™). A C^-topology on C°°{V,W^) is 
generated by C^-topologies for all finite r > 0. 

For every i > denote by Vi the space of real homogeneous polyno- 
mials in n variables Xi, . . . , of degree i. Associating to every cu 
its coefficients we can identify Vi with ]R'^"+<-i, where C'^^_^ — ^^r(jEj^- 
On the other hand Vi C (R" , M) . It is easy to show that every of 
C{y-topologies on Vi induced from C°°(M",M) coincides with the Eu- 
clidean one. 

Let A,B be smooth manifolds and X C C°°{A,B) be a subset. 
We will say that a map X : X ^ Vi is CJij^-continuous provided it is 
continuous from C{y-topology of X to the Euchdean topology of Vi- 

6.1. Theorem. Let A, B be smooth manifolds, X C C°°{A, B) a subset, 
and V C an open neighbourhood of O gW^. Suppose that for every 
i > we are given a number Si >0 and a C^- continuous map 

Xi-.X^ Vi. 

Thus we can define the following mapping 

oo 

X: X ^R[[xi,...,Xn]], A(a) = ^A,(a). 

i=0 
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Then there exists a C^r'^ -continuous map A : X C°°{V,M.) such 
that oo-jet of A{a) at O coincides with X{a) for every a E X. 

Moreover if every Aj preserves smoothness (in the sense of Defini- 
tion 1.3), then so does A. 

Proof. The proof uses a theorem of E. Borel claiming that there exists 
a map B : . . . , — > C°°{y, IR) such that for every formal series 

r G . . . , the Taylor series of the function B{t) at O coincides 

with r, see e.g. [GG]. 

Such a map B can be assumed to have the following properties (a)-(c) 

oo 

below. Let r = ^ c<Jj be a formal series, where uji ^Vi. Then 

i=0 

(a) for every i > the restriction Bl-p. : Vi C°°(y, M) is con- 
tinuous from the Euclidean topology of Vi to C^-topology of 

C°°{V,R); 

oo oo 

(b) s(Ea;^) = E^M; 

i=0 i=0 

(c) for every compact K G V , e > 0, and an integer number r > 
there exists s = s{K, e,r) > which does not depend on r such 
that 



ME 



< e. 

K 



=s+l 

Indeed, for every i > let pj : M"^ — > M be a smooth function 
supported in a sufficiently small neighbourhood Vi G V of O and equal 
to 1 in a smaller neighbourhood of 0. Put B{u!) = ujpi for all a; G Pj. 
Then (a) holds true. 

Property (b) is just the definition of B on all of . . . , 

Finally, (c) can be reached if the supports of pi decrease sufficiently 
fast when i tends to oo, see for details e.g. [GG]. 

Assuming that B has properties (a)-(c) we will now show that the 
following map 

A^BoX:X^ M[[xi, . . . , Xn]] C^{V, R), 

(6.1) 

= E Pi{x)\{q){x), qeX, xeV, 

satisfies the statement of our theorem. 

Indeed, for each a E X the Taylor series of A (a) = B o A (a) at O 
coincides with X{a). 

Let us verify C^'^-continuity of A at a. It suffices to prove that 
for every compact subset K G V , e > 0, and r > there exist c = 
c{K,s,r) > which does not depend on a, and a C|i[/-neighbourhood 
Ua of a in A" such that ||A(a) - A(/3)||5^ < e for all /3 e Ua- 

For every s > define the following two maps: 
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Asia) ^ Bo ® Xi{a), A>, ^A-A^. 

i=0 

Then 

(6.2) \\A{a)-A{f3)\\K < l|A.(«) -A.(/3)||x+ l|A>s(«)||5, + ||A>.(/3)|rK. 

For every s > let c(s) = max{sj}|^Q. Then it follows from (a) 
and assumptions about continuity of Aj that A^ is C^^^°°-continuous. 

Hence A^ is C|^*^''-continuous for every r > 0. 

Fix £ > 0, r > 0, and a compact subset K G V. Then by (c) there 
exists s > which does not depend on a and /3 such that each of the 
last two terms in (6.2) is less that |. Moreover it follows from C^^lf- 

continuity of A^ that there exists a C^*^-neighbourhood Ua of o; in A" 
such that for every f3 ^ Ua the first term on the right side of (6.2) is 
less than | as well. Then ||A(a) — A(/3)||^ < e. 

Suppose now that every Aj preserves smoothness. Let q : AxM} ^ B 
be a C°° map such that qt ^ X for every i e R*^. Then for every i > 
the following map 

Xi{q) : y X ^ R, Xi{q){x,t) = K{qt){x) 

is also C°^. Therefore it follows from (6.1) that the following map 
A{q) -.V xR'' defined by 

CO 

A{q){x,t) = A{qt){x) = J2pi(^)^i(^t){x) 

1=0 

is C°° as well. Hence A preserves smoothness. □ 

7. j°°-SECTIONS OF THE SHIFT MAP 

7.1. Notation. Let V be an open neighbourhood of O in R", F be a 

vector field on V such that F{0) = 0, F : K x M D dom(F) R" be 
the local fiow of F, func(F, V) be the subset of C°°(y,R) consisting of 
functions a whose graph is contained in dom(F), and 

(^:func(F,l^) ^C~(V^,R"), ip{a) (z) ^ F^ix) ^ F{z,a{z)) 

be the corresponding shift map of F. Denote its image by Sh{F, V). 

For every k > and h e C°°(V, R") let f{h) be the fc-jet of h at O. 

Let also J'(F, V) C C°°(V,R") be the subset consisting of maps h 
for which there exists a smooth function e C°°(V,R) such that 

r{h)^r{F^^),ci. (5.1). 

In this section we will show how to choose ah so that the correspon- 
dence h ^ ah becomes a continuous and preserving smoothness map. 
Such a map will be called a j "^-section of tpv 
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7.2. Definition. Let X C J{P, V) he a subset. We will say that a 
mapping A : X ^ C°°{V,M.) is a j'^ -section of ipv on X provided A 
is C^'^- continuous, preserves smoothness, and 

(7.1) r{h)=r{cpvoA{h)i \fhex. 

If X — J^{F, V) then A will be called a global j°° -section of kpy. 
Recall that we use the following notation 

i^v°A{h){x) = FA(/.)(a;) = F{x, A{h){x)), 

Fh,-Aih){x)=F{h{x),-A{h){x)). 

Then by (2) of Corollary 5.8 relation (7.1) is equivalent to each of the 
following conditions 

(7.2) r{h) = j°°(Fa(,)) ^ r{FH,-Aih)) = r{id). 

Our main result proves existence of j°°-sections on certain subspaces 
of J'{F,V), see Theorem 7.6. Before formulating this theorem, let us 
show how j°°-sections can be used for constructing real sections of ipv 

7.3. Applications of j°°-sections. Denote by £oo(P, V) C £(F, V) 
the subset consisting of maps h such that j°°{h) — j°°(id). Since 
j~(/i) = j°°(Fo), we obtain that 

£ooiF,V) C £{F,V)nJiF,V). 

Let X C £{F, V) n J(F, V) be a subset. Thus every h e X is an 
orbit preserving map V — > being a diffeomorphism at every singular 
point z eT^F and such that j°°(/i) = j°°(Fo^) for some an G C°°(l^, M). 

Suppose that there exists a j°°-section A : A* — > C°°{V,M.) of ipv 
Then by (7.2) Fh_^h) e Soo{F,V) for every h e X, whence the fol- 
lowing map is well defined: 

(7.3) n:X^Soo{F,V), n{h) =Fh,-Kih). 

7.4. Lemma, c.f. [M4, Pr. 3.4] Suppose also that there exists a C^'^- 
continuous and preserving smoothness section 

<^ ■.s^iF,v)^c^{y,M.) 

of Lfv, i-e. h{x) = F{x,'^{h){x)) for all h G Soo{F,V). Then the 
following map a : X C°°(V,M) defined by 

a{h) = A{h) + * o H{h) = A{h) + *(F^,_A(^)). 

is a section of (pv defined on all of X. 

Proof. This statement was actually estabhshed in [M4, Pr. 3.4]. For 
the convenience of the reader we recall the proof. It suffices to show 
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that F(/i(x), —a{h){x)) = x for all x e \^ and h & X but this easily 
follows from definitions: 

¥{h{x),-a{h){x)) = F{h{x),-A{h){x) on{h){x)) 

= F{F{h{x),-A{h){x)),-^ on{h){x)) 

= F{n{h){x),-'^ on{h){x)) = X. □ 

Thus existence of j°°-sections reduces the problem of resolving (1.1) 
to the case when j°°{h) = j°^(id). 

7.5. Main result. Suppose that F is not flat at O, i.e. there exists 
p > 1 such that jP~^{F) = and P = j^{F) is a non-zero homogeneous 
vector field. For p = 1 we will write P{x) = L ■ x, where L is a certain 
non-zero (n x ?T,)-matrix. In this case we have the exponential map 

exp^ : R GL(M, n), exp^(t) = e^*. 

Denote its image by = {e^'^}teM.- Then the following three cases of 
El will be separated: 

(Gl) El KiM. and is a closed subgroup of GL(R, n); 
(G2) El ^ SO{2); 

(G3) R and is a non-closed subset of GL(R, n). 

For every k > 1 denote 

Jk{F,V) ^{he J{F,V) I /-^(/i) =/-^(id)}, ^ > 1. 

Since h(0) = O, i.e. f{h) = /(id), for all h e J(F,V), we see 
that J'(F,V) = J'i(F,V). Moreover, it follows from Lemma 5.7 that 
j^~^{h) = j^~^(id) for p > 2. Hence for arbitrary p > 1 we have the 
following inclusions: 

J{F, V) = J^{F,V) = --- = JpiF, V) D J,+i(F, V)D--- 

It will also be convenient to define local variants of the above con- 
structions. Recall that J'{F) is the subgroup of I)(R") consisting of 
space of germs at O of maps from i7(F), see (5.1). Therefore we define 
j7fc(F) to be the subspace of J7'(F) consisting of germs at O of maps 
from Jk{F,V). Then again 

J{F) = Ji(F) = • • • = XiF) D Jp+iiF) 

7.6. Theorem. (1) There exists a j°°-section A of ^pv on J2{F,V). 
Hence if p > 2, then J^(F, V) = J72(F, V), and thus A is defined on all 
ofJ{F,V). 

(2) If p = 1 and El satisfies {Gl), then there exists a global 
section A of tpv OjS well. 

(3) If p = 1 and El satisfies {G2), then for every g G J{F, V) the 
shift map ipv has a j°° -section defined on some -neighbourhood of 
gm J{F,V). 
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7.7. Remark. If p = 1 but satisfies (G3) then it seems that ^pv has 
no even local (C^'^-continuous) j°°-sections on J'i{F,V), though by 
(1) it has a j°°-section on J2{F, V). 

The proof will be given in §7. 10. It is similar to the proof Theorem 5.1 
but we have to estimate continuity of certain correspondences. We need 
the following two statements. 

7.8. Proposition. Letp — 1. In the case (Gl) of El there exists a Cy^- 
continuous map Aq : i7(F, — > R such that for every h e i7(F, V) 
the germ at O of the mapping 

Ffe,-Aow(a:)=F(/i(x),-Ao(/i)) 

belongs to (F). 

Suppose that El satisfies (G2). Then for every g G J'{F,V) there 
exists a C^y -neighbourhood Ng in J7'(F, V) and a Cy^- continuous map- 
ping Aq : Mg R such that for every h e Hg the germ at O of the 
mapping Fh-Ao{h) belongs to J2{F). 

In both cases Aq preserves smoothness. 

Proof. Let : J'(F, V) — > GL(R, n) be the map associating to every 
h G t7(F, V) its Jacobi matrix J{h, O) at O. Then it follows from 
Lemma 5.7 that the image of coincides with El- Thus we have two 
maps: 

J{F,V) El R. 

Notice that in the cases (Gl) and (G2) El is a closed subgroup of 
GL(R, n). Moreover, in the case (Gl) exp^ is an embedding, so we can 
put 

Ao : :r(F, V) ^ R, Ao = exp^ioji. 

In the case (G2) exp^ is a smooth Z-covering map, whence for every 
g G jr(F, V) there exists only a C^-neighbourhood AAg in jr(F, V) 
such that the map Aq = exp£^ oj^ : A/'p — > R is well-defined. 

It is easy to see that in both cases Aq has the desired properties. □ 

7.9. Proposition. Let p + I > 2. Then there exists a C^^'' -continuous 
and preserving smoothness map A/ : J^+;(F, V) — > Vi such that for 
every h G i^+;(F, V) the germ at O of the map 

Fu,-A,ih){x) ^F{h{x),-Ai{h){x)) 
belongs to ^p+i+i{F). 

Proof. Let h G ^+;(F, V). Since p + Z > 2, we have that either p > 2 
or p — 1 but I > 1. It follows from Lemma 5.7 that in both cases 
there exists a unique homogeneous polynomial Ui of degree / such that 
j^^\h){x) = X + P{x) ■ uJi{x). The correspondence /i 1— > a;; is a well- 
defined map A; : J^+i(F, V) Vi and by (2) of Corollary 5.8 the germ 
at O of the mapping F^-AiQi) belongs to Jp+i+i(F). 
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Let us verify the continuity of A/. Consider the following map 
jp+i .c°°{V,W)^ Jf {V,W), (h) , 

associating to each h e C^iV, M") its (p+/)-jet at O. Evidently, 

jP'^'' is a C^'-continuous and preserving smoothness map Moreover, 
the image jP'^\Sp+i{F,V,0)) is contained in the following set Ai — 
{x + P{x) ■ uj{x) \ u eVi} C JP+'(V,M"). Further, it follows from 
smoothness of the Euclid algorithm of division of polynomials that the 
correspondence x + P{x) • ijj{x) ^ ui is a well-defined smooth map 
D : Ai ^ Vi- Therefore A; = DojP^^ is C^'-continuous and preserves 
smoothness. □ 

7.10. Proof of Theorem 7.6. Let X be one of the spaces J2{^,V)^ 
J7'(F, y), or Mg with respect to the cases (1), (2), or (3) of our theo- 
rem, where Ng is a Cj^^-neighbourhood of 5^ G J7'(F, V") constructed in 
Propositions 7.8. 

Then similarly to the proof of Theorem 5.1 for every h E X can 
construct a sequence of homogeneous polynomials {a;j}^Q, (dega;j — i) 
via the following rule: 

a;o = Ao(/i), u;i = Ai(Ffe,_^J, 0;^ = Ai(F^ 

It follows from Propositions 7.8, 7.9, and formulae for uji that for every 
i > the correspondence /i 1-^ a;j is a C^'-continuous and preserving 
smoothness map 

Xi-. X ^ Vi, Xi{h) = LOi. 

Put \{h) = EZoHh)- Then j~(F^,_a(^)) = j~(id) as well as in 
Theorem 5.1. 

Now it follows from Borel's Theorem 6.1 apphed to X that there 
exists a C^'^-continuous and preserving smoothness map 

A:X^ C°°(\/,R) 

such that j°°{A{h)) = \{h) for h e X. Hence j°°(Fh,-A(h)) = j°^(id). 
Then by (2) of Corollary 5.8 j°°{h) = j°°{FA^h}) for all heX. □ 

8. Property (*) 

In this section wc describe a class of vector fields F on R" for which 
j'^Sh{F) = j°°I)id(F)^, see Theorem 8.5. This class is rather spe- 
cial since it consists of completely integrable (i.e. having n — 1 almost 
everywhere independent integrals) vector fields satisfying certain non- 
degeneracy conditions. 
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dfn-l 


8fn-l 




8X2 


dx„ 


a 


a 


a 


dxi 


8x2 


dXn 



8.1. Cross product. Let {xi, . . . , a;„) be coordinates in M". For every 
smooth function / : — > M define the following "gradient" vector 
field with respect to these coordinates: 

v./ = (4,...,/:j. 

If /i, . . . , fn-i '■ M" ^ R is an (n — l)-tuplc of smooth functions, then 
we can define the following cross-product vector field: 



.1) H=[VJ,,...,VJn 



being an analogue of the cross-product [a, b] of two vectors a, 6 in M^. 
Notice that the first n — 1 rows of this (n x n)-matrix consist of smooth 
functions, while the n-th row is the standard basis . . . , ^) of the 
space of vector fields on M". Therefore the corresponding determinant 
is a well-defined vector field. 

Equivalently, let us fix the standard Euclidean metric on M". Then 
we have a Hodge isomorphism * : A"~^(M") A^(M") between the 
spaces of differential forms and the isomorphism : A^(M") r(M") 
between the space of 1-forms and the space of vector fields on M". Then 
it is easy to see that 

[V^/i, ■ ■ ■ , ^xfn-l] = o *{dfi A • • • A dfn-l). 

It is easy to see that every fi is constant along orbits of H, i.e. fi is 

an integral for H. Indeed, substituting Vxfi in (8.1) instead of last row, 
we will get dfi{H) = 0. Thus H is completely integrable in the sense 
that it has n—1 integrals and its singular set coincides with the set of 
points where the gradients V^fi, ■ ■ ■ , ^xfn-i are linearly dependent. 



8.2. Example. Let / : - 



be a smooth function. Then 



f f 

J X J y 

A. A. 

8x dy 



Jy ^ Jx r^^, 



dy 



is the corresponding Hamiltonian vector field of /. 



8.3. Lemma. Let x — {xi,...,Xn) and y — {yi,...,yn) be two lo- 
cal coordinate systems at O related by a germ of diffeomorphism h = 
{hi,...,hn) o/(]R",0), i.e. x = h{y). Let also and Hy be vector 
fields defined by (8.1) in the coordinates {xi) and {yi) respectively, and 
h*Hx be the vector field induced by h, i.e. this is in the coordinates 
(yi). Then 

Hy^\J(h)\-h*H,. 
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n 

Proof. Notice that if Hj.{x) — 5^ then in the coordinates (yj) 

1=1 ' 

we can also write 



n 

where # = E I^tt-- Hence 

oxi ' axj oyi 



(8.2) 



Hxiy) = 



On the other hand 



dfi 



dx 



d 
dxi 



d 

dXn 



Hy{y) = 



d 

dyi 



dy„ yy) 



dfn- 



Hy) 



a 

dy„ 



n n 

dxi yy) dyi dxi \y > dyn 

i=l 1=1 

dfn-l ( \ dXj ... a/n-1 ( \ dXj 

^ dxi dyi ^ dxi Vi/i dy„ 

i=l i=l 



n 

E d . dxj 
dxi dyi 

i=l 



Hiy) ■■■ Hiy) 



n 

E d . dxj 
. dxi dy„ 
1=1 



d 

dxi 



d 
dx„ 



dxi 
dyi 

dx„ 
dyi 



dxi 
dy„ 

dxn 
dyn 



(8.2) 



Lemma is proved. 



HM-\J{h)\. 



□ 



8.4. Definition. Let F he a vector field defined on some neighbourhood 
V of O eM.^. Say that F has property (*) at O if there exist p e N 
and n smooth non-flat at O functions 



such that 
(a) 



V,fl,---,fn-l -.V 

jP-\F)^0, 
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(b) P = j^{F) is a non-zero homogeneous vector field being non- 
divisible by homogeneous polynomials, i.e. P can not he 
represented as a product P — ujQ, where uj is a homogeneous 
polynomial of degree deg a; > 1 and Q is a homogeneous vector 
field of degree degQ > 1, 

(c) vector fields ^ xfi-i ■ ■ ■ xfn-i o,re linearly independent on an 
everywhere dense subset ofV and 



Let us explain this definition. 

1) Since 1 < p < oo, we have that F{0) = and F is not flat at O. 

2) We allow r) and therefore r) • F vanish at some points of V which 
can be even non-singular for F. But due to (c) the set of zeros of 77 • F 

and therefore ^^^^(O) are nowhere dense in V. 



3) Let k = ord(?7, O), pi = ord(/j, O) < 00, (i = 1, . . . , n — 1). Thus 
(8.4) l = j\v), r, (^ = l,...,n-l) 



are non-zero homogeneous polynomials of degrees . . . re- 
spectively. Then R = [V^Fi, . . . , V^r„_i] is a homogeneous vector 



field of degree "^{Pi — 1) and j ■ P = R. Since P is non-divisible 



by homogeneous polynomials, it follows that 7 is the greatest common 
divisor of coordinate functions of R in the ring M.[xi, . . . , Xn]- 

8.5. Theorem. // F has property (*) then j'^Sh{F) = j'^Vi(^(Fy . 
Moreover, for every neighbourhood V of O and every g G Sid{F,Vy 
there exist a -neighbourhood Afg in £id{F,Vy and a j°° -section of 
the shift map </?y on Hg. 

Thus due to Lemma 7.4 in order to completely resolve (1.1) we have 
to construct a section of tpv on £00 (F, V). This was done in [M4] for 
the case of homogeneous polynomial vector fields on satisfying (*), 
see also §11 for more general result. 

The proof of Theorem 8.5 will be given in §§9, 10. The following 
lemma presents a class of examples of vector fields with property (*). 

8.6. Lemma. Let fi, . . . , fn-i : — > R &e homogeneous polynomi- 
als such that Vxfi, • • • , ^ xfn-i are linearly independent on everywhere 
dense subset o/R", and let rj be the greatest common divisor of the co- 
ordinate functions of H = [^xfi, ■ ■ ■ , Vx/n-i]- Then the homogeneous 
vector field F — H/rj has property (*). □ 

8.7. Example. Let n = 2, f{x,y) = x'^'y"^, and 



H = [V/] = (-/;, /^) = i-^xY, ^xY) = xY (-4a;, 3|/) = r/F. 



Then F is non-divisible. Notice also that the singular set of H consists 
of x- and y-axes while the singular set of F is the origin only. 



(8.3) 



r]-F= [Vxfi,...,yxfn-i]- 



n— 1 



i=l 
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8.8. Lemma. Property (*) does not depend on a particular choice of 
local coordinates at O. 

Proof. Suppose that in coordinates ) at O conditions 

(a) -(c) of Definition 8.4 are satisfied. Let y = [yi, . . . ,yn) be another 
coordinates at O related to ( ) by a germ of a diffeomorphism 
h — {hi,...,hn) of (R",0), i.e. x = h{y). We have to show that 
conditions (a)-(c) of Definition 8.4 hold in the coordinates (yi, . . . , y„) 
for the induced vector field h*F = Th~^ o F oh. 

Let A — J{h, O) be the Jacobi matrix of h at O. Then it easily 
follows from condition (a) for F that 

f-\h*F) = 0, f{h*F){y) = A-'P{Ay). 

The latter identity implies that the initial non-zero jet of h*F is non- 
divisible by homogeneous polynomials iff so is P. This proves (a) and 

(b) for h*F. 

To establish (c) apply h to both parts of (8.3). Then 

h*{7]-F) = 7]oh ■ h*F, 

h*[Vxfi, . . . , ^xfu-i] ■ j j^^^i • [Vj//i, . . . , Vy/„_i]. 

Denote rj' = r] o h ■ \ J{h)\. Then 77' is smooth and 
V-/i*F = [V,/i,...,V,/„_i]. 
This proves (c). □ 



9. Stabilizers of functions and polynomials 

In this section we present some statements which will be used in the 
proof of Theorem 8.5. 

9.1. Lemma. Let f e /"(R"), h e S{W), andS ^ f oh - f. Sup- 
pose that jP^^{f) = and j^~^{h) = j'^~^(id) for some p.k > 1. In 
particular T = j^{f ) is a homogeneous polynomial of degree p. 

If k — 1 and i^{h){x) = Ax for some {n x n)-matrix, then 

f{6){x) = r{A-x)-r{x). 

If k > 2 and j^{h){x) — x -\- v{x) for some homogeneous map v of 
degree k, then 

The proof of this lemma is direct and we leave it for the reader. 

9.2. Corollary. Suppose that h preserves f , i.e. f o h — f , and thus 
5 = 0. Ifk^l, then V{A ■ x) = V{x). Ifk>2, then {vV,v) = 0. 
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9.3. Stabilizers of polynomials. Consider the right action of the 
group GL(M, n) on the space of polynomials M.[xi, . . . , Xn] by: 

$ : M[a;i,...,a;„] X GL(M,n) ^R[a:i,...,a;„] 

^T,A) = ToA, i.e. ^r,A){x) ^r{A-x), 

where (r, A) e R[xi, . . . , x„] x GL(M, n). For T e R[xi, . . . , x^] let 

S{r) ^{Ae GL(]R, n) | r{A ■ x) = r{x)} 

be its stabihzer with respect to Then »S(r) is a closed (and therefore 
a Lie) subgroup of GL(]R, n). 

9.4. Lemma. For every F e M[xi, . . . , x„] ^/le tangent space TE<S(r) to 
t/ie stabilizer S{V) of T at E consists of matrices V e M{W,n) such 
that {vr{x),Vx) = for all x e W. 

Proof. Let V E M(M,n) and A : M ^ GL(M,n) be the following 
homomorphism A{t) — e^*. Evidently, A{0) — E and A[(fS) — V. 
Notice that 

^r{A{t)x) = {siV{A{t)xim^) = (vr(e^*x),ye^*x). 

Then the following statements are equivalent: 

(i) V e TESiT); 

(ii) A{t) e S{r), i.e. r{A{t) x) = r{x), for alH e R and x e R"; 

(iii) |r(A(i) x) = (vr(e^*x), ye^*x) = O, for all x e R"; 

(iv) ftT(A(t) x)\t=o = (vr(x), y x) = for all x e R". 

The implications (i)4^(ii)44>(iii)^(iv) are evident and (iv)^(iii) can be 
obtained by substituting e^^x instead of x in (iv). It remains to note 
that our lemma claims that (i)<^4>(iv). □ 

Let Fi, . . . , F„_i e R[xi, . . . , Xn] and 

n— 1 

(9.2) 5 = n 5(r,) 

i=l 

be the intersection of their stabilizers. Then 5 is a closed Lie subgroup 
of GL(R, n). Denote by TeS the tangent space of S at the unity matrix 
E, and let Se be the unity component of S. 

9.5. Lemma. Let H = [VFi, . . . , VF„_i] be the vector field on M."- de- 
fined by (8.4), rj be the greatest common divisor of coordinate functions 
of H, and P = H/rj. Suppose that P ^ 0. Then P is non-divisible by 
polynomials, i.e. if P{x) = uj{x)U{x), where u is a polynomial and U 
is a polynomial vector field, then either dega; = 0, or degU = 0. 

(i) // degP = 1, i.e. P{x) = Lx for some non-zero matrix L e 
M(R, n), then TeS = {L^teR and Se = {e^%e^. 

(ii) //degP > 2 then Se = {E}. 
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Proof. Notice that TeS = ""nTESiVi). Let U e TeS. Then by 

Lemma 9.4 {vTi[x),Ux) — for every i = l,...,n — 1. Therefore 
Ux is parallel to the cross product H[x) of gradients VFj and there- 
fore to P{x) at every x G M."-. li U ^ 0, then there exists a non-zero 
polynomial cu such that 

(9.3) P{x)=cu{x)-Ux 

Since P is non-divisible, this identity is possible only if a; is a constant 
and in this case degP = 1. 

Hence if degP > 2, then U is always zero, whence TeS — {0}, and 
Se = {E}- This proves (ii). 

(i) Suppose that degP = 1. Then it follows from Lemma 9.4 that 
{Lt}teR C TeS. On the other hand, as noted above for every U G 
TeS there exists a; G R such that (9.3) holds true, whence L — uU. 
Therefore U G {Li}tm.^ ^'^'^ thus {Lt}t^^ — TeS. □ 

10. Proof of Theorem 8.5 

Suppose that F has property (*) at O. Thus 

77-F = [V^/i,..., V^/n_i], 

where 77, /i, . . . , : F — > R are germs of smooth functions satisfying 
assumptions of Definition 8.4. We have to show that 

(10.1) rsh{Y)^rv,^{¥f 

and for every open neighbourhood V oiO and g G ^id(F, VY construct 
a local j°°-scction of </?y defined on some C^-neighbourhood Hg of g 
in£id(F,l^)i. 

Proof of (10.1). Notice that Q — X'id(F)^ is a group which contains 
Sh{F). Therefore it suffices to verify conditions (A2) and (A3) of 
Theorem 5.1. 

Similarly to (8.4) set k = ord(77, O), Pi = ord(/j, O), 7 = j''{r)), and 
= f'if), (i = 1, . . . , n - 1). Denote p = (Pi - I) - k. Then 

i=l 

(10.2) 7-p = [v,ri,...,v,r„_i], 

where P = j^{F) is a homogeneous vector field of degree p. By as- 
sumption P is non-divisible by homogeneous polynomials. For p — 1 
we assume that P{x) — Lx for some non-zero matrix L G M(R, n). 

Let h G 'Z^(F). Then h leaves invariant every orbit of F and therefore 
preserves every function /», i.e. fioh = fi for alH = 1, . . . , n. 

(A2) Let A be the Jacobi matrix of h at O, thus j^{h){x) = A ■ x. 
We have to show that A = d^"^ for some a;o G R if p = 1, and A^ E 
for p >2. This is implied by the following lemma and Lemma 9.5. 
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10.1. Lemma. Let S — f] S{fi) be the intersection of the stabilizers 

i=l 

of fi with respect to the action o/GL(R, n), see (9.2), and Se be the 
unity component of S. Then for every h e Vi^lFy its Jacobi matrix 
A at O belongs to Se- 

Proof. Since fi o h = fi, {i = 1, . . . ,n — 1), we get from Corollary 9.2 
that Tii^Ax) = Ti{x). In other words A belongs to the intersection 

n— 1 

of the stabilizers iS = fi S{Ti). On the other hand the assumption 

i=l 

h G Pid(F)^ means that there exists a 1-isotopy (ht) in T>{F) between 
ho = idRn and hi = h. Let A^ be the Jacobi matrix of hf at O. Since 
(ht) is 1-isotopy, we have that (^4^) continuously depend on t. Moreover, 
Aq — E, whence A — Ai belongs to the unity component Se of S. □ 

(A3) Suppose that j^+'(/i)(x) = x + v{x), where v is a, non-zero 
homogeneous map of degree p + l > 2. Since fioh — fi, {i — 1, . . . ,n — 
1), we obtain from Corollary 9.2 that (VFj, v) = 0, whence v is parallel 
to the cross-product of gradients VFj and therefore to P. Since P is 
non- divisible, it follows that k > p and there exists a unique non-zero 
homogeneous polynomial cui e Vi such that v — P ■ uii. 

This completes the proof of (10.1). 

It remains to construct j°°-sections of (pv Let be a neighbourhood 
of O. Then (10.1) implies that 8;A{F,Vf C J{F,V). If p > 2, then 
by (1) of Theorem 7.6 there exists a j°°-section of ^pv on all of J{F, V) 
and therefore on £^ici(F, Vy. 

Suppose that p = 1, so P{x) = Lx is a linear vector field. Notice that 
the corresponding one-parametric subgroup El = {e^^}teR is closed in 
GL(M, n) as the unity component of the intersection of closed subgroups 
of GL(R, n) (stabilizers of fi). Then by (2) and (3) of Theorem 7.6 for 
every g G J^{F, V) there exists a local j'^-section of (pv- In particular, 
this holds for all g e £id(F, Vy C J{F, V). □ 

11. Reduced Hamiltonian vector fields 

Let / : — > M be a real homogeneous polynomial in two variables, 
so we can write 

I q 
(11.1) f{x,y) ^\{L'i{x,y) ■\[Qj{x,y), 

i=i j=i 

where l,q > 1, every Lj is a linear function, every Qj is a definite 
(i.e. irreducible over M) quadratic form, Li/Lii ^ const for i ^ i' , 
and QjiQji ^ const for j ^ j'. Then it can easily be shown that the 
polynomial 

i=i j=i 
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is the greatest common divisor of its partial derivatives and fy. 
Hence the following homogeneous vector field of degree p = I + 2q — 1 
on 

F = [Vf]/D = -ifjD) A + ^fjD) I 

is non-divisible by homogeneous polynomials. Thus F has property 
(*). We will call F the reduced Hamiltonian vector field of F. Notice 
that O is a unique singular point of F. 

The following theorem improves [M4, Theorem 3.2] which was based 
on the previous version of this paper. 

11.1. Theorem. Let f be a real homogeneous polynomial in two vari- 
ables, F be its reduced Hamiltonian vector field, and V be an open 
neighbourhood of O . Then 

ShiF,V)=S,^{F,vy 

and for every g G Sid{F,Vy there exist a C]^ -neighbourhood Mg in 
£i^{F,VY and a C^'^^ -continuous and preserving smoothness section 
A:J\fg^ C'^{V, M) of ipv, I.e. for every h e J\fg 

h{x) = ifv{Kh)){x) = F{x,A{h){x)). 

In particular, it follows from Theorem 4-4 o.i^'d Lemma 4-7 that F is 
parameter rigid. 

Proof. Since F has property (*), it follows from Theorem 8.5 that for 

every g G Sid{F,Vy there exists a j°°-scction defined on some C^r- 
ncighbourhood of g in ^id(F, V)^ C ^(F, V) n J{F, V). Therefore by 
Lemma 7.4 it suffices to construct a Cj^'^-continuous and preserving 
smoothness section * : Soc{F, V) C°°(V, M) of (fv- 

For the case D = 1, i.e., when / has no multiple factors, such a 
section was constructed in [M4, Theorem 3.2]. The detailed analysis 
of the proof shows that [M4, Theorem 3.2] uses only the assumption 
that coordinate functions of F are relatively prime in M[a;, |/], i.e. that 
F has property (*), but not the assumption that / has no multiple 
factors. This implies that the same arguments prove an existence of ^ 
for arbitrary /. The details are left for the reader. □ 
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